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Classical periods and runs

Definition

An integer p is a period of a string w if w[i] = w[i + p] for
0<i<|w|—p-—1.

abaabaab has period 3: aba - aba - ab

Definition

A factor x of w is a run if it has maximal periodicity (cannot be extended
to the left nor to the right).

ababa in a run of abaababaa: aba-ab-ab-a-a

GF, TK,TL,AL&EPG Abelian Runs



Classical periods and runs

Definition

An integer p is a period of a string w if w[i] = w[i + p] for
0<i<|w|—p-—1.

abaabaab has period 3: aba - aba - ab

Definition

A factor x of w is a run if it has maximal periodicity (cannot be extended
to the left nor to the right).

ababa in a run of abaababaa: aba-a-ba-ba-a

GF, TK,TL,AL&EPG Abelian Runs



Abelian period

The Parikh vector Py of the string w over the ordered alphabet
Y= {al, ag, ... Clo-} is Pw = (|w\a1, |U)|a2, ey |w\%).

E.g. Paacabb = (3,2,1).

Let [Py| be the norm of P defined by [Pw| = > 7, |w|a,-

E.g. [Paacabbl = 6.

Definition (Constantinescu, llie 2006)

A Parikh vector P is an abelian period for a string w if
W = Ul - - - U—1 Uk

for some k > 2, where Py, C Py, =--- = Puy,_, D Pu,, and Py, =P.

ug and uy are called resp. head and tail of the abelian period.

(1,1) is the smallest abelian period of w = abaab = a-ba-ab-e.
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J. Mendivelso, C. Pino, L. F. Nifio, Y. J. Pinzén
Approximate Abelian Periods to Find Motifs in Biological Sequences
CIBB 2014

They analysed gene expressions time series: they identifyied periodic
changes in expression levels in the cell-cycle of Megasphaera cerevisiae.
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Abelian run

Definition

A substring with abelian period P is maximal if it cannot be extended to
the left nor to the right by one letter keeping the same abelian period P.

Definition

An abelian run of period P is an occurrence of a maximal substring of
period P containing at least two occurrences of P.

w = ababaaa. The prefix ab - ab - a has abelian period (1, 1) but it is not
an abelian run since the prefix a - ba - ba - a has also abelian period (1, 1).
This latter is an abelian run of period (1,1).
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The Problems

Problem 1

Given a string w of length n and a Parikh vector P, find all the abelian
runs with period P occurring in w,

Problem 2

Given a string w of length n and an integer p, find all the abelian runs
with period P occurring in w such that |[P| = p,

| \

Problem 3
Given a string w of length n, find all the abelian runs occurring in w,
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The Problems

Problem 1

Given a string w of length n and a Parikh vector P, find all the abelian
runs with period P occurring in w,

— an O(n)-time and O(o + |P|)-space algorithm that solves this problem
online, i.e., processes positions of the string from left to right and
outputs the runs ending in position i when processing position 7 + 1.

Problem 2

Given a string w of length n and an integer p, find all the abelian runs
with period P occurring in w such that |P| = p,

N

Problem 3

Given a string w of length n, find all the abelian runs occurring in w,
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The Problems

Given a string w of length n and a Parikh vector P, find all the abelian
runs with period P occurring in w,

— an O(n)-time and O(o + |P|)-space algorithm that solves this problem
online, i.e., processes positions of the string from left to right and
outputs the runs ending in position 7 when processing position i + 1.

Problem 2

Given a string w of length n and an integer p, find all the abelian runs
with period P occurring in w such that [P| = p,
— an O(np)-time online algorithm.

Problem 3

Given a string w of length n, find all the abelian runs occurring in w,
— an O(n?)-time (resp. O(n?logo)-time) offline randomized (resp.
deterministic) algorithm.

V.
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Problem 1: Previous work

Problem 1

Given a string w of length n and a Parikh vector P, find all the abelian
runs with period P occurring in w,

O(np)-time and O(o + p) space online solution in

G. Fici, T. L., A. Lefebvre and E. Prieur-Gaston
Online Computation of Abelian Runs
LATA 2015
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Problem 1

Problem 1

Given a string w of length n and a Parikh vector P, find all the abelian
runs with period P occurring in w,

| A

Lemma

s

If wli..j] and w[i’. . j

ol
contained in w(i’. . j']

| have abelian period P and if w[i. . j] is properly
then w[i. . j] is not an abelian run with period P.

| 5\

Corollary

There is at most 1 abelian run with period P starting at each position of
w.

v
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Problem 1: Anchor

Given a string w,

if wli..j] =ug---ug has abelian period P, with |P| =p
and iy is the starting position of us in w with 1 < s <k
then i, mod p is called the anchor of the factorization.

Anchored period

wli.. j] has abelian period P anchored at % if it has abelian period P
whose anchor is k£ mod p.

Anchored run

wli.. j] is a k-anchored run with period P if it has abelian period |P)|
anchored at &k and if it is maximal (w[i — 1..j] and w[i..j + 1] if they
exist have no abelian period |P| anchored at k).
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Problem 1

Definition

Let B;[k] be the starting position of the longest suffix of w[0. . 7] which
has period P anchored at & (or oo) for 0 < k < p.

Let b; be the starting position of the longest suffix of w0. . ] whose
Parikh vector is contained in or equal to P.

Lemma

Bi[kmod p] <k forb; <k <i+1
and
Bilkmodp] =oc0fori—p+1<k<b;

i—p b; i
w| | | |

| impossible tail |Z P

Bi[kmodp] =oc0fori—p+1<k<b,.
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Problem 1

Computation of B; from b;_1, b; and B;_1

Q B;[k mod p] = co # B;_1[k mod p]| for
max{z' —p+ ].,bi,l} <k<b;

@ B;[k mod p] = B;_1[k mod p| for i — p+ 1 < k < b;_; and for
by <k<i

b; ifb;>i—p+1
B;_1[i — p+ 1 mod p| otherwise

Q B;li + 1 mod p :{
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Problem 1

Bi_1[k] bi—1 b, k i

_factor. l ‘ l | ‘
ending at ¢ — 1

P i | |
ending at ¢

Bl[k mod p] = Bi_l[k mod p] for bz < k < 7.
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Problem 1

wlb..i — 1] is a k-anchored run with period P iff
Bi_1[k mod p] = b < k — 2p and B;[k mod p] > b
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Problem 1

wlb..i — 1] is an abelian run with period P iff
it is a k-anchored run with period P and
B;_1[k' mod p] > b and B;[k’ mod p| > b
for every k'
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Problem 1

[
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Problem 1

77:(2,2)
0123456
w baabahbd
/l\

01 2 3
B 0 00 00

L=(0,1)

o~

p o
o ©

-
T o

—
T -
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Problem 1

77*(2,2)
0123456789 10 11

w aababaabb b
/l\
012 3

B 00 00

L=(0,1,2)
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Problem 1

77*(2,2)
0123456789 10
w ababaab b
T
0123
B 00O
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Problem 1

P =(22)
01234567389 10 11
w a b aababaabb b
/l\
0123
B o« 000
L=(01,23)
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Problem 1

77*(2,2)
0123456789 10 11
w a babaab b b
T
0123
B 000
L=(1,2,3,0)
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Problem 1

77*(2,2)
0123456789 10 11
w a abaab b b
T
0123
B 1000O0
L=(1,2,3,0)
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Problem 1

77:(2,2)
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Problem 1

P =(22)
01234567389 10 11
w abaababaabb b
T.
01 2 3
B'10 >~ 0
L:(1’2a370>
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Problem 1

77*(2,2)
0123456789 10 11
w a b a baab b b
/]\
0123
B 10 0
L=(1,3,0,2)
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Problem 1

77:(2,2)
0123456789 10 11
w a b a aab b b
T
0123
B 1030
L=(1,3,0,2)
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Problem 1

77:(2,2)
0123456789 10 11
w ab aababaabb b
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0123
B 1030
L=(1,3,0,2)

GF, TK,TL,AL&EPG Abelian Runs



Problem 1

P =(22)
01234567389 10 11
w abaababaabb b
/[\
01 23
B'1 x 30
L=(1,3,0,2)
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Problem 1

77*(2,2)
0123456789 10 11
w a b aab a b b b
/l\
0123
B 1 30
L:(3,0,2,1)
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Problem 1

77*(2,2)
0123456789 10 11
w a b aab a b b
T
0123
B 16 30
L:(3,0,2,1)
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Problem 1

77:(2,2)
0123456789 10 11
w abaababaabb b
T
0123
B 16 30
L:(3,0,2,1)
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Problem 1

77:(2,2)
0123456789 10 11
w a b aabahb b
T
0123
B 16 30
L:(3,0,2,1)
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Problem 1

77:(2,2)
0123456789 10 11
w abaababaabb b
/l\
0123
B 16 30
L:(3,0,2,1)
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Problem 1

P =(22)
01234567389 10 11
w abaababaab b b
.T
0123
B >~ 6 3 0
L:(3’®a271>
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Problem 1

P=(22)
01234567389 10 11
w abaababaab b b
.T
0 1 2 3
B o o 3 0
L=(2])
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Problem 1

77:(2,2)
0123456789 10 11
w a b aababaahb
/l\
0 1 23
B oo 3 0
L = (3,2,0)
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Problem 1

0
a

1234567389 10 11
w baababaahb

T
0 1 2 3
B 10 oo oo 0

L =(3,0) OvutpruT(0,3,1,11)
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Problem 1

7 8 9 10 11
aab
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Problem 1

p O

7 8 9 10 11
aab

GF, TK,TL,AL&EPG Abelian Runs



Problem 2

Given a w of length n and an integer p, find all the abelian runs with
period P occurring in w such that |P| = p, J

k-anchored runs
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Problem 2

Given a w of length n and an integer p, find all the abelian runs with
period P occurring in w such that |P| = p,

k-anchored runs
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Problem 2: |dea

Run algorithm for Problem 1 in parallel for each of the p possible anchors.J
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Problem 2: |dea

Run algorithm for Problem 1 in parallel for each of the p possible anchors.)

— O(np) time algorithm )
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Problem 3: Previous work

Matsuda, Inenaga, Bannai & Takeda, PSC 2014

e Computation of all abelian squares using [Cummings & Smyth,
1997]:

Li = {j | Puwfi—j+1..) = Pufi+1..i45,0 < j <minfi + 1,n — i} }
The L;'s are stored in a 2-dimensional boolean array L of size
[n/2] x (n—1): L[j,i] =1if j € L; and L[j,¢] = 0 otherwise.

@ For each 1 < j < |n/2] all maximal abelian repetitions of period

length j are computed in O(n): the j-th row of L is scanned in
increasing order of the column index.

@ clever computation of heads and tails.

— O(n?) offline computation of anchored runs

GF, TK, TL,AL&EPG Abelian Runs
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Problem 3: All the runs

@ start with the Matsuda et al algorithm

o filter out anchored runs which are properly contained in another
anchored run with the same period

solution: naming (giving an identifier for every period)
assign to each factor of w an identifier so that 2 factors are
abelian-equivalent iff their identifiers are equal
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The diff-representations of all the factors of w can be computed in O(n?)

time.
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Theorem [Kociumaka, Radoszewsji & Rytter, STACS 2013]

Given a sequence of vectors of dimension r represented using a
diff-representation of size m, the integer vector equality problem can be
solved in

e O(m + rlogm) time deterministically

@ O(m + r) time using a Monte Carlo algorithm
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Problem 3

Given a string w of length n, all the abelian runs occurring in w, can be
found in O(n?)-time (resp. O(n?logc)-time) by an offline randomized
(resp. deterministic) algorithm.
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Conclusions

Given a string w of length n we designed:
@ an online algorithm that finds all the abelian runs with period P
occurring in w in time O(n) and space O(o + |P|)
@ an online algorithm that finds all the abelian runs with period P
such that |P| = p occurring in w in time O(np)

@ an offline randomized (resp. deterministic) algorithm that finds all
the abelian runs occurring in w in time O(n?) (resp. O(n?log o))

Any idea on the number of abelian runs in a string?

GF, TK,TL,AL&EPG Abelian Runs



Thank you for your attention
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